PHY 5346
HW Set 5 Solutions — Kimel

1. 3.2 The charge distribution is shown by

a) We see the charge distribution is given by
p () = NO(cos a — cos 0)6(r — a)

where N is determined by the requirement [ d3rp (7) = Q, or

_Q
p(F) = s f(cosa — cos 0)6(r — R)
Expanding 6(cos a — cos ) in terms of Legendre polynomials,

f(cosa — cosf) = Z A Py(cosb)
1

or 2l + 1 COS &
A= —— P(z)dz
2 Ja
Using Mathematica 4, I get
COS &
P11 (cosa) — P_1(cos a)
P(z)dx =
/_ ) () 20+ 1

Notice for [ = 0 in the above, P_;(cosa) = —1.

_ Pi(cosa) — P_q(cos )
B 2

Ay

This problem has azimuthal symmetry, so we can write in general (when
r < R)

o(7) = Z Byt Py(cos )
!



where now 6 is the polar angle of the vector 7. Choosing 7 || 2,
=rz) =Y Bir'P(1)
!

On the other hand we can write

R)

(7= 12) = 1 Z Pyi(cosa) —

dreg 471'R2 2 |7 — |

I Q Pi1(cosa) — P_1(cos ) r'R? /
= P (x)Py
Ameg 4 R2 2”; P) RI+1 dz P (z)Py(z)

Using ', dzPj(2) Py (z) = 525 6m

2l+1

Z Piyi(cosa) — P_y(cosa) !

20+ 1 RAH1

H(F=r2)

471'6 0

Then for general directions of 7,

l

ZPH_l cosa) — P_i(cosa) r
47‘('60 2

20+ 1 g Fi(cost)

If 7is on the outside, we know that R and r are interchanged in the expansion

Pyii(cosa) — P_q(cosa) R
o(r) = 47r€ 2 Z 20+ 1 e Fi(cosd)

b) By symmetry, at the origin the electric field is along 2.

B(0) = —-6(0)2 =

— 3 0 1 Q(P(cosa)— Ry(cosa)) 2z + terms that vanish

Bz 4Ameg 2 3R2
E(0) = _Q (1 — Py(cosa))
127T60R2

c) Consider the case where « is very small. Using our general expression
for ¢(7), we see we need to expand Pj41(cosa) — P,_1(cos ). (I will keep the
leading terms.)

P(eose) = 3 Sy A@lees (o = 1)" % R + o A@leas(o 1)

((x—l)z\/1—62—1)2—%624-0(84)

P,_;(cosa) / dod cos Or'?dr' Py(cos 0)§(r' —



where € = sin a.

1d
Pcosa)=1— 553(1)52
e (d d e2(21+1) (1
Pi(cosa) — P_1(cosa) = 5 <%Pl_l(1) _ %Pl-u(l)) _ ( : ) P(1)

where I have used Eq. (3.28) and these formulas apply for [ > 0.
So

Q 1 Qe rt Q 1 Qe?
= - Py(cos
) = TreoR  Tneg 4 ZRlH Weost) = 72 R " dmeo 4|R5 — 7

That is, the potential is just that of a uniformly charged sphere plus a point

charge _ Q(solld angle subtended by empty cap) located at the pOlIlt Rs.
The electric field for this pomt charge is 0bv1ous1y given by

—1 Qe? (7 — R2)

E(f) =
= tres 4|Rz — i

If the charge were located on a small cap at the bottom of the sphere, ie, if
a — 7w — (3, then clearly in analogy with what we have already done, we can see
that it would act like a point charge = (Q &olid anele SUbtended by cap)

and located at the point —RZ. Then the potentlal is

1 Qe?
) = fres TRE 7

where now € = sin g.

1 Qe (7+ R2)

E() =
") = Tres 4Rz +7P




