
PHY 5347
Homework Set 5 Solutions – Kimel

2. The system is described by

It = I0 cosωt = ReI0e−iωt 

J⃗t = 1
a Itδr − aδcosθφ̂

where I determined the normalization constant 1
a by the condition ∫ J⃗ ⋅ da⃗ = I

J⃗t = Re I0
a δr − aδcosθφ̂e−iωt → J⃗ =

I0
a δr − aδcosθφ̂

We use the general expression for H⃗ and E⃗ in the radiation zone given by Eq.(9.149). Since this
system has no net charge density and there is no intrisic magnetization, the the expansion coefficients in
these equations are given by

aEl,m = k2

i ll + 1
∫ Yl

m∗ik r⃗ ⋅ J⃗ jlkrd3x

aMl,m = k2

i ll + 1
∫ Yl

m∗∇⃗ ⋅ r⃗ × J⃗ jlkrd3x

a) r⃗ ⋅ J⃗ = 0 in the first equation, so there is no electric multipole radiation. In spherical coordinates

r⃗ × J⃗ = −aJθ̂

Using the formulas for ∇⃗ ⋅ A⃗ in spherical coordinates given in the back of the book,

∇⃗ ⋅ r⃗ × J⃗ = − 1
sinθ

∂
∂θ 

J sinθJ = − cosθ
sinθ

J − ∂
∂θ

J

The first term does not contribute, because cosθ = 0, while the second term can be written, using
the chain rule,



∇⃗ ⋅ r⃗ × J⃗ = sinθ ∂
∂cosθ

J

The problem has azimuthal symmetry, so m = 0. Realizing derivatives of δ −functions are defined
by integration by parts,

aMl, m = δm0k2

i ll + 1
∫ Yl

0∗ sinθ ∂
∂cosθ

J jlkrd3x = ik2

ll + 1
∫ ∂

∂cosθ
sinθYl

0∗  Jj lkrd3x

aMl, 0 = i2πk2

ll + 1

I0
a a2jlka ∂

∂cosθ
sinθYl

0 |cosθ=0

aMl, 0 = i2πk2

ll + 1

I0
a a2jlka1 − x2 1/2 d

dx
Yl

0x|x=0

Since Yl
0x is either an even or odd polynomial in x, then only odd l contribute to aMl, 0. This

determines the expansion coefficients, and thus H⃗ and E⃗ in the radiation zone are known through
Eq.(9.149). The power distribution is given by Eq. (9.151)

b) From our previous answers, we see aEl,m = 0, and that the lowest magnetic multipole
contribution is aM1,0.

aM1, 0 = i2πk2

2
I0aj1ka1 − x2 1/2 d

dx
Y1

0x|x=0

Using

j1ka → ka
3

; d
dx

Y1
0x|x=0 = 3

4π

aM1, 0 = i2πk3I0a2 1
24π

= ik3

3
2 M l0

M l0 =
i2πk3I0a2 1

24π

ik3

3 2
= 3

4π
I0πa2

Note that you would get the same answer, if you used Eq. (9.172) directly.
From Eq. (9.151)

dP
dΩ

=
Z0

2k2 2πk3Fa2 1
24π

2
3

8π
sin2θ = 1

32π2 Z0k4I0πa2 2 sin2θ

If we compare this result with the one that we get for an elementary magnetic dipole, which is
given by Eq. (9.23)

with the substitution p⃗ → m⃗/c,



dP
dΩ

= 1
32π2 Z0k4 |m⃗ |2 sin2θ

Thus we may identify

|m⃗ | = I0πa2

as would be expected.


