Jackson Problem 2.15
B. J. Mattson

1 Part a

In general, the Green function must satisfy V2Gp = —476(Z—2'). For Dirichlet boundary
conditions, the Green function has boundary conditions: G(boundaries) = 0. So I need
to solve:
V*Gp = —4né(xz — 2')6(y — o) (1)
with GD($, = 0) = GD(.’EI = 1) = GD(yl = 0) = GD(yl = 1) = 0.
Assume Gp = g,(x,2")gy(y,y'). Then the equation can be written:
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And, since there is no x’ or y’ depencence on the RHS,
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Solving for g,
gz(z,z") = sin(nwz) sin(nrz’) (7)

Now let (leaving the = 47 with the §(y — ¢')),
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6(x — ') =) cpsin(nmz) sin(nra’) (8)
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And ¢, can be found using orthoganality considerations,
/01 §(z — z')sin(nwa’)dz' = e¢ysin(nmz) - % 9)
sin(nmz) = c¢psin(nmz) - % (10)
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So ¢, = 2.

And -
gs =2 sin(nmz) sin(nrz’)
n=1
So,
G(z,2',y,9) =2 guly,y') sin(nmz) sin(nmz’)
n=1

Where g,, satisfies
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2 Part b

To satisfy the boundary conditions (g,(y,0) = g,(y,1) = 0), let
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This satisfies both the boundary conditions and one of the jump conditions. However, I

still need A, which I can find by using the discontinuity in slope.
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Or,
Almn cosh(mny) sinh[rn(1 — y)] — mnsinh(mny) cosh[rn(l — y)] = 4x

After a bit of algebra,

A = % [cosh(mny) [sinh(7n) cosh(—mny) — cosh(nn) sinh(—7ny)] —

sinh(7ny) [cosh(mn) cosh(—mny) — sinh(7n) sinh(—7my)]]_1

And a bit more magic (hyperbolic identities, etc.) gives:
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So,

G = m sinh(mny.) sinh[rn(1 — ys)] (20)

Finally, plugging this into the earlier expression for G(z,y, z',v'),

G(z,y,7',y") Z

s1nh () sin(rnz) sin(rnz') sinh(rny<) sinh[rn(l —ys)]  (21)



