Jackson Problem 4.10
B. J. Mattson

Note that I chose the z—axis to be toward the right in the figure given in Jackson.
Also I defined the following regions: A is the region inside the spheres; B is the region
between the spheres filled with the dielectric (¢); C is the other region between the spheres
(€0); and D is the region outside the spheres.

1 Partsaandb

I did this in full gory detail. The general expantion of ® is

®(7) = Y Yim(0, ¢) [Arr' + Bir=0+D)] (1)

Im

Or, from azimuthal symmetry,

®(Z) =>_ P(cosb) [Alrl + Blr_(l“)] (2)
1
This needs to be true for all cos@. In all regions, ®(Z) # ®(cos )
Now look at each region:

e Air<a
®(7) = Y Pi(cost) [Ap'] (3)
!
From ®(Z) # ®(cosf), only the I = 0 term survives. So,
O(zp) = A (4)
eBand C:a<r<b
®(Z) = > P(cosb) [Bﬂ“l + Clr_(l“)] (5)

l

Again, only the [ = 0 term survives.

&7 =B+~ (6)



e D:r>0

®(Z) =) P(cosb) [Dlr_(l+1)] (7)

Again, only the [ = 0 term survives.

~ D
B(Z) = — (8)
r
Then if we use the boundary conditions that ® is continuous everywhere,
C
A = B+— 9)
a
C D
B+~ = = 10
t3 2 (10)
Now consider the D boundary conditions:
- C ~
E(B orC) = Vo = ﬁT’ (11)
- C+ Bb .
E(D) = Vo= 2 r (12)
Then
V- [j(BD) = Ofree (13)
C+ Bb C
GOT - Gb_2 = OBD (14)
\E [)'(CD) = Ofree (15)
C+ Bb C
GOT - 60[)_2 = O¢CcD (16)
B
= €— 17
= (17
(18)
Or, for the inner edge/boundary,
V-E(AB) — OAB (19)
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And the total effective charge on the inner sphere is just

So the constant, C' is

OAB
V - Dacy

Oac

Q =

And between the spheres, E is

The surface charge density induced on the inner sphere (part b) is just:

2 Part c
Now

—
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Then,

P():

(28)
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And, finally, n = —7




