Jackson Problem 11.14
B. J. Mattson

1 Part a

I'm going to write this once, and use it for all the parts of this:

Aa’BBa/j = AOOBOO + A01B01 + A02B02 + A03Bog + AlOBlo + AllBll
+A% By + A B3 + A% Byy + A% By + A% Byy + A® Bog
+A* Byy + A¥ By + A% By + A% By

Then, using the definitions of ' and Fgiven in the book:

F**Fu = 0-E.-E.-E.-E.+0+B}+B}
—E2+B}+0+B.—-E+ B, +B.+0
_ 2 2 2 2 2 2
F*F,s = 2(B*>-E?)

F*¥F,s = 0-E,B,— E,B,—E,B,—E,B,+0-E,B, — E,B,
-E,B, - E,B,+0-E,B,— E,B, — E,B,— E,B, +0
= —4(E,B,+E,B,+ E,B,)
FF,s = —4(E-B)

F¥Fup = 0-B)—B.-B.-B.+0+E.+E,
—B+E2+0+4+E,-B.+E.+E,+0
= 2((Bi+ B+ B.) — (E. + E, + E2))
= 2((El+E,+E])— (B.+ B, +B)))
FPF,s = 2(E°-—B?

(11)

As for other invariants involving F, B? I’ve done the major ones involving F*# and
Fo#_ The only other one to consider is F® ,F? g...this turns out to be zero, so there are

no other invariant quantities quadratic in E, B.
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2 Part b

No, it is not possible to have an EM field where it is purely E in one frame and purely B
in another. Here’s the argument:

From part (a), I know that E> — B and E - B are Lorentz invariant quantities. So,
for two different frames:

E2 o 32 — E12 - BI2 (12)
E-B E'-B (13)

Then, if in one of those frames F = 0,
—B?>=F"?_ B"” (14)

So, to have the primed frame be purely electrical would require
—B?* = E" (15)

But this is a problem since E"? > 0, so this condition is only met if B = 0 and E' = 0.
Now for the second part of the question. Go back to

E2 _ 32 — E12 _ B12 (16)

E-B = E-B (17)
Then, to have £ = 0 in some frame,

-B* = E?_-B"? (18)
0 = E-B (19)

So from the first requirement, E” — B"? < 0 or E”? < B". Also from the second require-
ment, B'- E' = 0.



